Abstract In the context of tvs-cone metric spaces, we prove a Bishop-Phelps and a Caristi's type theorem. These results allow us to prove a fixed point theorem for (δ, L)-weak contraction according to a pseudo Hausdorff metric defined by means of a cone metric.
follows:
x ϕ y, if and only if, d(x, y) ϕ(x) − ϕ(y).
It is easy to see that ϕ is in effect an order relation on X.
In the sequel, LS(X) stands for the space of all lower semicontinuous and bounded below functions from X to E.
Remark 4
The function ϕ defining ϕ is non-increasing.
Bishop-Phelps and Caristi type theorems
The following theorem is an extension of the well-known results by Bishop-Phelps lemma [7] .
Theorem 5 Suppose X is d-complete. Then, for each ϕ ∈ LS(X) and x 0 ∈ X there exists a maximal element x * ∈ X such that x 0 ϕ x * .
Proof For each x ∈ X, let S(x) = {y ∈ X : x ϕ y}, x 0 ∈ X and C be a chain in S(x 0 ). Since
set. Let e ≫ θ and, inductively, define an increasing sequence {x n } n∈N as
where x 0 is given, A n = {ϕ(y) : y ∈ S(x n−1 ) ∩ C} and L n = inf(A n ). Due to ϕ is non-increasing and bounded below, A n is a chain in P and consequently {x n } n∈N is well defined. Moreover, for each n, p ∈ N, x n+p ∈ A n and hence
Thus, {x n } n∈N is a Cauchy sequence and accordingly, there exists x * ∈ X such that this sequence converges to x * . Since for each n ∈ N, S(x n ) is a closed set, we have x * ∈ S(x n ) and thus x 0 x n x * .
Suppose y ∈ X satisfies x * ϕ y. We have, for each n ∈ N, d(x n , y) ϕ(x n ) − ϕ(y) ≺ (1/n)e and hence lim n→∞ d(x n , y) = 0. This fact implies that x * = y and therefore x * ∈ X is a maximal element satisfying x 0 ϕ x * . This concludes the proof.
In the sequel, we denote by 2 X the family of all nonempty subsets of X and by B(X) the subfamily of 2 X consisting of all nonempty and bounded subsets of X. For a set-valued mapping T : X → 2 X and x ∈ X, we usually denote T x instead of T (x).
Theorem 5 enables us to state below a generalized version of Caristi's theorem.
Theorem 6 Suppose X is d-complete, T : X → 2 X is a set-valued mapping and ϕ ∈ LS(X). The following two propositions hold:
A cone metric version of the nonconvex minimization theorem according to Takahashi [16] is stated as follows.
Theorem 8 Let ϕ ∈ LS(X) such that for any x 0 ∈ X satisfying inf x∈X ϕ(x) ≺ ϕ(x 0 ), the following condition holds: there exists
Proof Suppose for every z ∈ X, inf y∈X ϕ(y) ≺ ϕ(z) and let x 0 ∈ X. From Theorem 5, ϕ has a maximal element x * ∈ X such that x 0 ϕ x * . Since ϕ is non-increasing, ϕ(x * ) ϕ(x 0 ) and the assumption implies that there exists x ∈ X \ {x * } such that x An linear operator L : E → E is said to be positive, if for any x ∈ P we have Lx ∈ P . Let K + (E)
be the set of all positive, injective and continuous linear operators δ from E into itself such that, there exists 0 ≤ t < 1 satisfying 0 δx tx, for all x ∈ P . Notice that for each δ ∈ K + (E) and x ∈ E, |δx| δ|x|. 
Let T : X → B(X) be a set-valued mapping. We say T is H-continuous at x ∈ A, if for any sequence {x n } n∈N in A converging to x, {H(T x n , T x)} n∈N converges to θ in E. The mapping T is said to be a contraction, if there exists k ∈ K + (E) such that for any x, y ∈ X, H(T x, T y) kd(x, y). Notice that T is a contraction, if and only if, there exists 0 ≤ t < 1 such that for any x, y ∈ X, H(T x, T y) td(x, y).
When E is a Banach space, t can be chosen as the spectral ratio ρ(k) of k and hence in this case, k is a contraction, if and only if, ρ(k) < 1. Of course, any contraction is a weak contraction. A selector of T is any function f : X → X such that f (x) ∈ T x, for all x ∈ X. We say T satisfies condition (S) if, for any ǫ > 0, there exists a selector f ǫ of T such that for each
Remark 10 For x ∈ X and A, B ∈ B(X), it is defined s(x, B) and s(A, B) as follows: Some authors such as [4, 5, 9, 12, 15] define k-contraction as a set-valued mapping T :
This definition is more restrictive than our definition of contraction by making L = 0 in (1). Indeed, even though the functional H is not properly a cone metric, it is easy to see that a set-valued mapping satisfying condition (2), it also satisfies our definition of contraction. Furthermore, condition θ ∈ s(a, A) implies a ∈ A for all a ∈ X and A ⊆ X, even though A is not closed. However, it is not possible to conclude that a ∈ A, if d(a, A) = 0, even though A is closed. Consequently, condition (2) is stronger than our definition of contraction.
Given a set-valued mapping T : X → B(X), we denote by ϕ T the mapping from X to E defined
Proposition 11 Let T : X → B(X) be a H-continuous set-valued mapping. Then, ϕ T ∈ LS(X). Corollary 17 Suppose E is d-complete and let T : X → B(X) be a set-valued mapping such that ϕ T ∈ LS(X) and at least one of the following three conditions holds: where α : E → E is a linear operator satisfying 2α ∈ K + (E).
Then, there exists x ∈ X such that x ∈ T (x).
